Measuring the dispersion of photonic devices with small dispersion-length products is challenging due to the phase-sensitive, and alignment-intensive nature of conventional methods. In this letter, we demonstrate a quantum technique to extract the second-, and third-order chromatic dispersion of a short single-mode fiber using a fiber-based quantum nonlinear interferometer. The interferometer consists of two cascaded fiber-based biphoton sources, with each source acting as a nonlinear beamsplitter. A fiber under test is placed in between these two sources, and introduces a frequency-dependent phase that is imprinted upon the biphoton spectrum (interferogram) at the output of the interferometer. This interferogram contains within it the dispersion properties of the test fiber. Our technique has three novel features: (1) The broadband nature of the biphoton sources used in our setup allows accurate dispersion measurements on test devices with small dispersionlength products; (2) our all-fiber common-path interferometer requires no beam alignment or phase stabilization; (3) multiple phase-matching processes supported in our biphoton sources enables dispersion measurements at different wavelengths, which yields the third-order dispersion, achieved for the first time using a quantum optical technique.
The general scheme of our nonlinear interferometer, consisting of two periodically-poled silica fibers (PPSF) used as SPDC sources, and a drop-in fiber-under-test (FUT) of unknown dispersion. b) Experimental setup; two fiber-pigtailed PPSFs are used in our interferometer as the nonlinear media. Each PPSF generates biphotons in the 1.5-micron telecom region with a bandwidth of ~12 THz (100 nm). A polarization controller (PC) is used to send the proper pump polarization into the second PPSF. A dispersive medium (20 km of Corning SMF-28), a beamsplitter (BS), and a pair of single photon detectors (SPDs, IDQ ID220) are used as a fiber spectrometer. The signal and idler's arrival times are measured with a time interval analyzer (TIA, PicoQuant HydraHarp 400).
nonlinearities. The PPSFs are quasi-phase-matched [16] for the generation of biphotons at ~ 1550 nm, which interfere at the output of the interferometer. As the interferometer is common-path and all components support only one transverse spatial mode, our setup is alignmentfree and inherently phase-stable. This feature is particularly important for quantum metrology due to the long integration times often required in the measurements. It is also worth mentioning that the frequency correlation of the biphotons removes the effects of all odd-order dispersion terms, which means the first-order dispersion (group delay) is automatically balanced out. Note that this feature would have not been possible in previous classical approaches [6, 8] .
We now elaborate further on the mechanism behind our nonlinear interferometer. The phase of the biphotons generated from the first SPDC source in Fig. 1(a) is modified by the fiber under test (FUT) placed in the middle section. These biphotons then interfere with the ones generated from the second SPDC source, and the resulting spectral interferogram reveals the dispersion information of the FUT. Two criteria must be met for biphoton interference: (1) The coherence length of the pump should be much longer than the optical path length of the middle section [17, 18] , and (2) the frequency-dependent loss of the FUT at the signal (idler) frequency ( ) should be negligible. When both conditions are met, the joint spectral intensity (JSI) of the biphotons, S, at the output of the interferometer can be expressed as [17, 19] :
where | ( , )| is the JSI of the biphotons generated from each biphoton source. Note that in deriving Eq. (1), we have assumed that the two biphoton sources are identical. As Eq.(1) indicates, the frequency-dependent phase ( , ) introduced by the middle section of the interferometer results in the interference of the two biphoton states.
The pump used here will have a narrow linewidth due to its long coherence length, and its frequency, , can be considered to be constant. Therefore, due to energy conservation we have = + for the frequency-conjugate pairs (signal and idler). For convenience in notation, we replace and with and − , respectively, and rewrite all the terms in Eq.(1) in terms of .
The phase argument of the cosine function in Eq. (1) can be expressed as the sum of two components:
where ( ) is the phase already present in the middle section before the FUT is inserted, while ( ) is the phase contribution of the FUT; ( ) can be further broken down into
The Taylor expansion of Eq. (2) about = yields
Note that higher-order dispersion terms of the pump [ ( ) ( )] are not present as the pump is continuous-wave (cw) and its linewidth (< 1 MHz) is much narrower than the biphoton spectrum. Equation (3) suggests that we can directly obtain the GVD, ( ) , by measuring the phase introduced by the FUT [ ( )]. We also note that, in contrast to the classical balanced spectral WLI [6] , the common procedure of balancing the test and the reference arms is automatically obviated due to the frequency-conjugate nature of the biphotons. Furthermore, since our interferometer is common-path, both pump and downconverted photons travel in a single spatial mode; this removes the requirement for phase stabilization, an otherwise essential requirement in both classical [6] , and quantum WLI [11] schemes.
The experimental setup for dispersion measurement is shown in Fig. 1(b) . A Toptica DL Pro is used as the pump in our experiment. The coherence length of the pump is significantly longer (~1 km) than the entire length of the interferometer (< 10 m), guaranteeing spectral interference at the output of the interferometer. The JSI [ ( ) in Eq. (1)] of the biphotons is measured with a fiber spectrometer [20] [see Fig.  1(b) ]; the biphotons at the output of the interferometer are sent to a dispersive medium, which maps their frequencies onto the temporal domain [21] . After time-tagged detection with single photon detectors, the spectrum is recovered by re-mapping the coincidence timing delays back into frequency. The minimum spectral resolution of our technique is limited primarily by the spectral resolution of the spectrometer, with the linewidth of the pump playing a secondary role. The minimum resolution of the spectrometer itself depends on the timing jitter of the single photon detectors (~ 256 ps), and the dispersion-length product of the dispersive medium (~ 340 ps/nm) [see Fig.2 (b)] [20] used, which in our case gives us a resolution of 0.75 nm (~100 GHz). The pump linewidth begins to affect the spectral resolution as it becomes comparable to the spectral resolution of the spectrometer; however, the pump we used here has a long coherence length, which means its linewidth (~ 100 kHz) is negligible compared to the minimum resolution of the spectrometer (~ 100 GHz).
We use two fiber-pigtailed PPSFs as our broadband biphoton sources. They have identical fiber geometries, and composed of identical materials. Both PPSFs support two different phase-matched SPDC processes: (1) Type-0 SPDC when pumped at 2 ⁄ =780.2 nm, and (2) type-I SPDC when pumped at 2 ⁄ =776.2 nm. Figure 2 shows the JSIs of the biphotons generated from the two PPSFs when they are pumped at 780.2 nm (type-0 SPDC). We note that, in the 10 THz (~80 nm) region surrounding the degeneracy point, the two JSIs overlap well; this bandwidth is enough to extract the GVD of a photonic medium with dispersion-length product as small as ~0.002 ps/nm (see [22] ), equivalent to 10 cm of SMF-28. The JSI for type-I SPDC is similar to what is observed in Fig. 2 .
We first pump the interferometer at 780.2 nm for type-0 SPDC, and extract the JSI of the biphotons at the output of the interferometer without the FUT present. Since both PPSFs are fiber-pigtailed, ( ) ≠ 0 and the interference appears in the spectrum of the biphotons [ Fig. 3(a) ]. Note that the high fringe visibility (~75%) near the degeneracy point is due to the similarity of the two JSIs (Fig. 2) . After the FUT (5m of SMF-28) is placed inside the interferometer, the fringe spacing changes [ Fig. 3(b) ]. We then normalize the JSIs by the biphoton spectrum of each individual PPSF and fit the resultant functions to a raised cosine [see Fig. 3(c, d) ]. This way we can extract the frequency-dependent phases ( ), and ( ) + ( ). Now, by subtracting the two phase functions [green traces in Fig. 3(c, d) ], we can obtain ( ) [ Fig. 3(a) ] and extract the GVD, for type-I SPDC process, we can extract the dispersion parameter of the FUT at =1552.4 nm as well. Using the same procedures described above, we obtain ( ) = 16.06(11) ps/nm/km [ Fig. 3(b,c) ]. Given the dispersion parameter at two different wavelengths, we can obtain the third-order dispersion for this wavelength range as 0.078(13) ps/nm 2 /km. We remark that the second-and third-order dispersion parameters measured here are both consistent with the specifications of SMF-28 (ref.
[23]) [ Fig. 4(c) ].
It is worth mentioning that when the pump energy is drastically increased, our single-photon-level interferometer transforms into the highgain nonlinear interferometer. In that case, our setup [ Fig. 1(b) ] resembles the so-called SU(1,1) interferometer [24] often used for low-noise phase measurements [13] . However, due to the high-gain nature of the parametric process [25] , the number of photons per frequency mode in this regime is much larger; however, the two parametric down-converted beams from each nonlinear medium still interfere [26, 27] , resulting in spectral fringes (analogous to the spontaneous regime) that can be detected classically at the output of the interferometer.
In both the SPDC and high-gain regimes, the minimum dispersion-length product that can be measured is inversely proportional to the bandwidth of the spectral interference [see [22] , and Eq. (3)]. With appropriate phase-matching [15] , the spontaneous emission bandwidth of the nonlinear medium can be significantly increased, and one can measure the dispersion of devices with dispersion-length products well below 0.002 ps/nm. Meanwhile, the emission bandwidth in the high-gain regime increases proportionally with the parametric gain [28, 29] ; however, the effective bandwidth over which the spectral interference takes place remains unchanged [26] due to spectral-spatial correlations [30] . This effect can limit the interference bandwidth in the stimulated regime, and consequently constrains the minimum measurable dispersion-length product.
Future work could investigate the regime in which our nonlinear interferometer is seeded with a classical signal beam from, for example, a tunable laser source. This would be similar to the stimulated emission tomography technique [31] , and would allow for a fully classical dispersion measurement with our current setup.
In summary, we have introduced a common-path nonlinear interferometer, and used it for a broadband phase measurement. Specifically, we demonstrated that the phase imprinted upon the spectral interferogram can be used to extract the second-, and third-order dispersion of a single mode fiber embedded within the interferometer. The collinear broadband emission of the biphoton sources and the common-path nature of our interferometer makes it inherently phase-stable, robust, and capable of measuring the dispersion of materials with small dispersion-length products. The biphoton sources we used here are best suited for the dispersion measurement of specialty fibers, where off-the-shelf components can be connected and coupled with minimal effort. However, our method is source-independent, and can be implemented with other waveguide-based biphoton sources.
